Measuring the Universal Gravitational Congant, G

Introduction: The universal law of gravitation states that everything in the universeis attracted to
everything else. It seems reasonable that everythingis attracted to the Earth, but two lead spheressetting on
atable do not seem to attract each other. The presence of the one sphere does not make it harder to remove
the other. If | move one, the other is not dragged along. The reason that the gravitational force is not noticed
between two everyday abjectsisthat this forceis very small.

The gravitational force, F, experienced by a point massM, due to a second point mass, M, (masses in
kilograms) that is adistancer (in meters) apart, is given in magnitude by:

M, M,
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F=aG

where G » 6.67 X 10 N m?/ kg’ isthe universal gravitational constant. The direction of thisforceis
directly toward the attracting body. In this experiment the approximate values of the masses (lead spheres)
are 0.015 kg, and 1.5 kg and the distance between the center of the large ball and the center of the nearest
small center ball is5 cm.

Q1.  What isthe magnitude of the gravitational force the smaller sphere experiences

caused by the larger spherein this case?

Q2. What isthe mass of an object that is attracted to theearth with the same magnitude

of force asis between the two lead spheres?

Q3.  Why can the lead spheres be treated as point masses?

Making high precision measurements of very smdl forcesisdifficult. In thisexperiment, atorsional
balance isused. Thetorsional balance was first invented by Coulomb in 1784 and used to measure electrical
forces. In 1798, the same method was used by Cavendish to measure the gravitationd force. The balances
consist of two small lead spheres connected by arigid rod. Thisrod is supported at its center from above by
athin, vertical quartz fiber( from the si de this arrangement looks like an inverted T). In operation the two
small spheres and connecting rod ratate in the horizontal plane. The axis of rotationis vertical and
corresponds to the length of the quartzfiber. The quartz fiber is atorsional springand produces arestoring
torque when twisted such as when the small spheres are rotated about it. Thisentire assemby issededina
box against air drafts.

Two large spheres are introduced such that theresulting gravitational forces on the small spheres
produce atorque on the small sphere-rod assembly about the axis of thequartz fiber as shown in Fig. 1
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In the caption of Fig. 1 asimple way of measuring big “ G”, the gravitational constant, is described.
Basically, knowledge of thetorsional spring constant of the quartz fiber and the angle between equilibrium
positions of the small spheres-rod assembly with and without the large spheres being in place, allows one to
determine the torque associated with the gravitation attraction between the large and smnall spheres. From
this torque and the distances from the axisof rotation to the center of the small spheresone can find the
gravitational force between one small sphere and the nearby large sphere. With the added information about
the distance beween the large and small pheres one hasall of the vduesin Eq. (1) except G. Thus, Gis
measured.

But how does one measure the torsional spring constant of the quartz fiber? How does one make an
accurate and precise measurement of theequilibriumangles? Finding the equilibrium podtionsis
complicated because the small spheresrod assembly will swing back and forth and oscillate ebout its
equilibrium position. Whenthe oscillations finally damp away, imperfectionsinthe quartz fiber may cause it
to “stick” somewhere other than the trueequilibrium position. Thesolution, or & least work aound, for both
of these problems is to make dynamic measurements. To make dynamic measurements a solid understanding
of the motion of the torsional pendulumis required.

Torsional Pendulum:
Q4. Look up harmonic motion and damped harmonic motion in any junior level classical
mechanics text. Review your introductory physics about moments of inertia, rotational
kinematics and dynamics.

Recall for alinear ( normal ) spring, theforce, F isgivenby: F = - k ( x - ¥ ), wherexisthe current
position, %, isthe unloaded equilibrium position, andk is the spring constant.

Q5.  What are the units associated with the spring constant, k ?

Q6. For atorsiona spring there is asimilar relationship relating the torque, J, the current

angle, 2, the unloaded equilibrium angle2, and torsional spring constant, C. Find this

relationship.

Q7. Whatistherotational analogto ¥ = ma intermsof torque, 7, the moment of
inertia, |, and angular acceleration, @ ?

For amass-linear spring system one has:
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Q8.  Show that the solution to this differential equation is:

x(t) = x,

x(t) = x, + Asin(wt+ ;)

x(t) = x, + Asin(2m z + )
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where A is the amplitude of oscillation, T isthe angular frequency and T is the period of
oscillation. This system is an exampleof a simple harmonic osdllator.

Q9.  What arethe rotational analogs to Egs. (2) and (3) ?

Q10. What isthetordonal springconstant C in terms of the momert of inertia, | and the
period of oscillation, T ?

Q11. When measuring a period of a sinecurve, what regions of the curve are best to use
when measuring the period?



Thus the torsional spring constant, C can be measured from the period, T, and the moment of inertia,
| of the small spheres-rod assembly.

Q12. What isthe moment of inertia of two point masses ( each of mass, m) separated by a
distance, 2d, about an axis that passes through the paint half way between the massesand is
perpendicular to the line between the masses? How closeto thisidealize case is the small
spheres-rod assembly?

Q13. For alinear spring-mass system, how can one determine the equilibrium position
whileitisin motion? ( Hint,look at Eq. (3) and plot afew cycles of x(t) if necessary.)

Q14. Forthetorsioral pendulum, how can onedetermine the equilibriumangle whileit is
in motion?

Unfortunately, the situation is just alittle more complicated than this because the oscillations
observed in this experiment are damped. Damping impliesthat there is a velocity dependant force,

FDAMP = - p v for thelinear motion systemwhere b is the damping constant and v is the velocity. For a
rotational system, T, ,,,» = -b 62—6 = @ whereb isthe damping constant.
t

Q15. What units are associated with the damping constant in the linear and the rotational
cases?
Q16. Rewrite Eq. (2) and its rotational analog toinclude damping force.

The solution tothe linear damped harmonic oscillator, & least for moderate valuesof b, is

x=x, + Ae 2P sin(w 't + ¢y)
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( Asone can e this solution gets a bit odd if b islarge enough to make T' imaginary.) Inthisslution, itis
asif the amplitude of the sine curve is confined to theenvel ope of adecaying exponential.

Damped Harmonic Oscillator
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At the positive maximain the oscillation the sine factor in Eq. (4) isequal to 1. If one considers
only at the points where sine factor is 1, these remaining points should match the decaying exponential term
plus a constant which is the equilibrium position. The natura | ogarithm of the position at the maximums
minus equilibrium datais alinear function of the time, with the damping constant, b, a factor in the slope.

Q17. Find this new equation. Why isthis method sensitive to an accurate equilibrium

point measurement?

Q18. Findtherotational analog to Eqg. (4), and from it find the formulato yield the

rotational spring constant, C in terms of the moment of inertia, I, and the damping

constant, B.

Measuring the equilibrium position:

For the undamped case finding the equilibrium point is easy becauseitis the average of the
maximum and the minimum, but this is not the casewhen there is damping. Options available to find the
equilibrium position of a damped oscillator include: eyeballing it, wait for the system to stop oscillating,
nonlinear fitting of your data to the formshown in Eq. (4), or finding some other clever method.

Method 1 Using the data displayed in Fig. 2, one trick for the linear damped harmonic oscillator goes
like this: Because the sinefunctionisl,-1, and 1 respectively atthe point’s J, K, and L, the positions at
these times can be expressed as:
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Heret, isthetime at point Jand T is the period of oscillation. With a bit of manipulation the Eq.(5)
becomes:
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Eq. (7) can besolved forx, Notethisisjust aquadratic equation inx,, where X,, X, and X, canbe
measured.

A simple method of nondinear fitting starts by make reasonable estimates of the parameters (the
period T, damping constant b, initial angle N, amplitude A and equilibrium position x, for the linear damped
harmonic oscillator). Using these guessed parameters calcul ate the sum of the squares of the differences
between the data, X a4 ( t,) and the calculated values X, . ( t.). Thisisbasicaly calculating the P? for
uniform uncertainties of 1. That is calculate

E (xDATA(tn) _xCALC(tn))2 : (8)

n

Next, vary one of the parameters and recal culating the sum in Eq. (8) each time, and select the value of this
parameter that minimizedthe sum. Repeat for each parameter. Repeat the whole process a second (or third)
timeto seeif your solution is stable.



Measuring angles

The angle through which the small sphere-rod assembly rotatesis very small. That and thecasing
around the assembly makes direct measurement of the ange of this assembly very difficult. To circumvent
these problems, amirror is attached to the middle of the rod and lightis reflected off the mirror to awall.
Asthe small sphere-rod assembly rotates, a spot of light sweeps across the wall. From the perpendicul ar
distance, L from wall to the fiber and the distance S between to positions of two spots of light, the angle, $
between the two associated light rayscan be measured.
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Figure3 Diagram showing therelationship between the ange $ between to rays of light,
the separation S of the spots of light where the rays hit the wall, and the perpendicular
distance L from the wall to the point of intersection of the rays. Also shown are the
original source of light and the small sphere-rod-mirror assenbly in two positions to reflect
the laser light to produce the two rays. Notetheange" isexaggerated for clarity.

Q19. What isthe relationship between the distancesL and Sand the angle $ ?
Q20. Show that the angle $ through which the spot of light movesis twice the angle, "

through which the small sphererod assembly rotated.
measure angles. The angles areexaggerated for

\\\ clarity. The large spheresand small spheres are
AN

< show in solid black for the large spheresin the
fully counterclockwise position and in dashed
gray for the large spheresin thefully clockwise
position. The direction of the outgoing reflected
light is shown using the convention. Note that if
the mirror isrotated an angle" , angle of the
outgoing reflected light changes by an angle
$=2" (see Q20).
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Figure4 Thetorsiond balance as used to
measure the gravitational constant, and how
light reflected from amirror can be used to



Gravitational interaction:
The gravitation force, F, between the one small sphere with massm and its nearest large spherewith
mass M, if their centers are a distancer apart, is:

mM

r2

F=aG

(9)

(Hereforceisin Newtons, masses arein kilograms and distance isinmeters) This force produces atorque,
J about the quartz fiber:

tT=dXF . (10)

Q21. Show that the magnitude of the sum torques associated with the gravitational
attraction between each small sphere and its nearest large sphere i s given by:

2 2dmM
| 27, = G—r2 . (11)
The effect of placing the large sphere in thefull clockwise position is to shift the equilibrium
position on the small sphere-rod-mirror assembly by anangle" /2 in the counterclockwise direction.
Because the quartz fiber hasatorsional spring constant C at the new equilibrium position:

(3t =C 2 . (12)

Placing the large spheres in the full counterclockwise position shifts the equilibrium position clockwise by
an angle" /2. The angle between the equilibrium positions with the large spheres in the full dockwise and
counterclockwise positionisjust " .

Working equation

The final working equation for this experiment is:

G - n2r2d S
MTL (13)
where:
G isthe gravitational constant;
r isthe distance between the center of the small sphere and its nearest large sphere;
d =0.05m, isthe half the distance between the centers of the small spheres;
M isthe mass of the large spheres;
T, isthe undamped period of oscillation;
L isthe perpendicular distance from the mirror to the wall; and
S isthe di stance on the wal | between positi ons of the spots of light associated with the equilibrium
positions of the small spheresrod-mirror assembly if the large spheres are fully clockwise to the
equilibrium position, and if the large spheres are fully counterclockwise position.

Q22. Derivethe working equation Eq. (13).
Q23. Derivethe associated error propagation equation.



Procedure:

WARNING: Thetorsional balanceisvery fragile! Handle with care!

Do not touch anything until the precautions have been discussed the instructor.
Do not open the glass case around the small sphere-rod-mirror assembly.
Do not touch any of the adjugments on the base plate (bottom) or the quartz fiber support (top).
Besides measuring several distances your only interaction with the torsional balance should
be:
a. Placing the large sphere on their holders
b. Lowering the small sphereswith their storage cradle.
¢. Raising the small sphereswith their storage cradle.
d. Removing the large spheres and returning themto their storage drawer.

WARNING: Donot look intothelaser light !

Many quantities in the working eguation can be directly measured, with only undamped period T,
and equilibrium spot separation S presenting any complications. To measure these parameters, itis
necessary to measure the position of the reflected light every 15-30 seconds for several oscillations of the
small sphere-rod-mirror assembly. Do this for the large spheresin the clockwise and counterclockwise
positions. ( Repeating everything for a second size of large spheres.) Step by step this goes something like::

a Review the procedures for using the torsonal balance with your instructor.
b. With the small sphere supparted in their cradle, place thelarge spheresin their holder.
C. Practice smoothly and with no jarring, rotating the large spheresfrom the full clockwise to

full counterclockwise position and back. Leave them in the clockwise positions when you
are done practicing.

d. Slowly lower the cradles that support thesmall sphereassembly. (With care you can limit
the amplitude of the oscillations.)
e Align the laser and lens onthe optical bench so that the laser beam strikes the mirror and is

reflected onto the opposite wall.

Position the mounted meter stick such that the laser light strikesiit.

Wait for the osdllation of thesmall sphereassembly to damp to alevel that thesmall

spheres are NOT hitting the case.

Record the pogtion of the dat of light every 15-30 seconds for several full periods (about an hour).

Chang the position of the large spheres to the full counterclockwise position and collect

datafor several additional periods.

j. When finished, gently raise the cradles for the small spheres (Stop raising as soon as the
spheres are supported.), turn off the laser, and return thelarge spheresto the drawer.

K. Extract the equilibrium positions and damped period from this data as discussed above.
Correct for damping to find the undamped period.
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Additional Quegions:

The derivati on so far has neglected the interaction of the small sphere with the more distant large
sphere. The magnitude of this gravitational attraction, Fypp is
Mm
F o, =G—
OPP 21 44 (14)
This additional force for asingle small spheredarge sphere pair produces atorqueJ,., about the axis of the
guartz fiber.

Mm rd

T = -G
oPP Frad? [T, a2 (15)

Q24. Show that the result of this correction isto increasesyour experimental value of G
obtained using Eq. (13) by 6.9% ( That is multiply you original value of G by 1.069.)
How does this correction compare with the precision of your measurements.

Q25. From your data, what was the magnitude of the change in the period associaed with
the damping?

Q26. What measurement(s) limit the accuracy of your determination of G?

Q27. What isthe current accepted value of G? (See for example the August issue of
Physics Today for the most recent year.) What method was used for this measurement?

Q28. Arethere other recent measurementsof G? ( See for example Physics Today, June
1995 page 9.)

Q29. What effect doesthe presence of gravitationa fiel ds associated with the wal Is have
on this measurement of G?

Q30. What isthe magnitude of the gravitational forces measured in thisexperiment?

Q31. Makeaplots of the potential energy associated with the torsional fiber as afunction
of angle, of the gravitational potential associated with the internal and external spheres asa
function of angle, and f the gravitational potential associated with the internal spheres and
the walls as a function of angle. Compare these plots.



