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Nuclear Matter at Hagedorn Temp erature
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Thermal Hadron Spectra and Limiting Temp erature
Multihadron  pro duction in pp reactions pro duced spectra with exponential fall-
o® as function of transv erse momenta. The exponential (inverse) slope was the
same for all particles, Ty' 160MeV, and it did not change as the collision energy
varied. Rolf Hagedorn (RH) recognized behavior akin to particle evaporation
from boiling elementary matter. In the boiling processa maxim um temp erature
cannot be exceeded even if we provide more and more heating.

ST 1 T T T T T~ T T 1 T ]The spectrum here shown is for the
T | recently (2 ;90) measured NA49 ©(s8) in
_ T =159 + 9 MeV 1158 GeV (" syn = 172 GeV) pp reac-
i T ¢ for 0 < y-Y < 1.5 7tions. 95% of ©(s%) is directly pro duced
| (as opposed to being a decay pro duct).
o I IWe 't a Boltzmann thermal shape
- 1 allowing for the cuts in rapidit y and
7 binning in p,. There are 5 data points,
|t parameters are: normalization and T.
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Exp onential Hadron Mass Spectrum
RH discovered that the exponential growth of the hadronic mass spectrum could
lead to an understanding of the limiting hadron temp erature Ty' 160MeV,

The solid line is the t;
m) Yao(mz + m?)?= exg(m=Ty)

with a=j 3, my= 0:66 GeV, Ty = 0:158GeV.

10° |

Long-dashed line: 1411 states of 1967.
7 Short-dashed line: 4627 states of 1996.
o
8' 10?
. - Exp erimen tal lines include Gaussian smoothing:
8 u T

X : oy 2
~ _ Ome S (mj m%~"
h A= P P T
m==Ma,; My,

107 Y= i =2, i = 0(200) MeV is the assumed width of the

resonance, excluding the “stable' pion, a special case.

m [GeV]
Note the missing resonances at m > 1:4GeV.
The newly discovered "pentaquark’ resonances needed to Il this gap.
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Limiting Hagedorn Temp erature
A gas of hadrons with exponentially rising mass spectrum:
H £ 4
INZ%: = cV — m2e™=THm32el ™Tdm + D(T; M );
21/4 M
Cuto® M > m, > Ty is arbitrary , its role is to separate o® D(T;M) < 1 . Because
of the exponential factor, the rst integral can be divergent for T > Ty, and the
partition function is singular for T! Ty for a range of a:

8 u Ti (@522 8 u Ti @+7=2)
11 : 11 ,
— i — , for a>j 3; — i = , for a>j 3
T T, T T,
v 1 1 1 M 11 1
P! _In = = ; for a=i2 *!' _In i — ; for a=i I;
% T I TH 17 I 2’ T I TH 7 I 2’
- constant: for a< | g; - constant: for a< | %:

The energy density 2 goesto innit y for a, j % when T ! Ty

Mass spectrum slope Ty appears as the limiting Hagedorn temp erature beyond
whic h we cannot heat a system which can have an in nite energy density. The
partition function can be singular even when V < 1 .



Nuclear Matter at HagedornTemperature HagedornMemorial CERN, Novenber 28, 2003,

100

10 £

/T4

0.1

a

- :::'i 35 i 3|

2

150

T [MeV]

J. Rafelskipage6

: energy density
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i @InZ(_;V;b)
exponentially growing mass spectrum
1 pressure

@ _
P=—Inz(;V;,
@ ( )

1 exponentially growing mass spectrum

] Straigh t lines: P, 2 based on actually
{ known mass spectrum.

This is for point hadrons, year was 1965. Understanding of quark structure of

hadrons implies their nite.

This is imp ortan t here given the exponential growth

of mass spectrum which overlls a xed volume with (di®erent) particles.
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Finite Volume Hadron Gas Mo del
Point hadron gasin free available volume ¢ to have the prop erties of
‘nite size hadron gas in total mean volume hVi (RH 1978+)

o L A S INZu(T;¢;.)  InZ(T;WVi;,)
/Z Prop er particle volume in the rest frame
4 Is assumed to be prop ortional to mass.
4 For a gas of moving hadrons, in gas rest-
| frame: hvi = ¢ + hEi=4B.
E : L @ L,
o FEi = Hiz2(";,)=i =InzZ(;i;,) =
5 ] ( i gnZ( )
@ ) )
] :i@mZpt( ¢ )= ¢2n(5))
1 ( B ¢
] Wiz ¢ 1+ 2,(,)B
LS 2(7: ) = %t 3.) -
' = | i T 12 (r,)=(4B)
0.1 S N p-  Pe(i.)
100 150 1+25(;,)=4B

T [MeV]

The gas of nite size hadrons with exponential mass spectrum has nearly the
same prop erties as a gas of point hadrons with today experimentally observed
mass spectrum. That is why “statistical hadronization works'.
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Statistical Bootstrap Mo del (SBM)

Rolf Hagedorn constructed a theoretical
model Statistical Bootstrap in which the
exponentially rising hadron mass spec-
trum naturally occurred.

STATISTICAL THERMOD YNAMICS
OF STRONG INTERA CTIONS AT
HIGH-ENER GIES.

Nuovo Cim. Supp. 3 (2): 147 (1965)
citation classic

ON HADR ONIC MASS SPECTR UM
Nuovo Cim. A 52 (4): 1336 (1967)

HADR ONIC MA TTER NEAR
BOILING POINT
Nuovo Cim. A 56 (4): 1027 (1968)

75th Birthda y, Div onne 1994
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Statistical Bootstrap Equation
Resonant scattering comprises the essence of strong interaction and implies that

there is clustering of hadrons into new hadrons. What happ ens if we compress?
We look at N-particle level density,

Z
1 W \VAR X ¢ ; X ¢
N gl + i EF  p dp;
=1 (2/‘) i=1 i=1
Mix gases with di®erent gasses m e.g.
g! m)dm, with "; = m2+ p2. We

sum over N allowing all micro canoni-
cal con gurations whic h preserv e the im-
posed constrain ts. We apply the Boot-

- Natural cluster Strap hyp othesis:
Macroscopic volume V volume ¥ (m,b) HE: V) i! Ym)

In covariant notation we nd the Bootstrap (SBM) equation for Y%
X 14 . X gW

HYP) = He(m?i m)+ = #'pi p Hupdd'ps
N=2 i=1 i=2
This is a nonlinear inhomogeneous integral equation. H to be xed by experi-
ment, related to prop er volume V.. For mj,! m,, the lightest hadron, the pion

generates higher hadron clusters. Further below we include bary ons.
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Singularit y of the Bootstrap Equation

Z Z

, - _ - Ki m
G @ PHuP D ()= @ PHam(@EEi mi)dip= Haymz KL M),
in
Laplace Transform of the SBM equation yields |G(' )="' +¢e®(); G()
or ' =2G(")j )+ 1
I I I I ‘ T T T T ‘ T T T T 15 I ‘ ]
0.4 N - ]
i a) | ~ - b)
L | 1 ; \\\\\\ ;
S i TN L Go=Ing \\\ i
0.2 - BRG] . B
. | 0.5 — A
y : - ¢, =ln4—1 .
O | | ‘ | | ‘ | | O | | | \\:‘
0 0.5 1 1.5 0 0.2 0.4
G(p) L4
For " I ', G() %In28 constant £ P oi =+ ¢¢¢. and since ' regular at ' ¢ we
have G( ' ) =1In2j constah£ i o. Such a singularit y can only exist if
Yl mi 3em_0 _0 = 1=Tq:
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Statistical Bootstrap with Mesons and Bary ons
Each hadron 'I' has now bary on number b and we have the constrain t that the
bary on number in all partitions has to add up to b. The SBM equation becomes:

7z A ! A !
2 2 2 >4 1 4 X\I X X\l \N 2 4
He(P50) = Hogoo(p™i mp) + o5 £ Pi P k bij h Hé(piih) dpi;
N=2 i=1 fhg i=1 i=1
The generalized Laplace transform metho d works, with
Z VI W _
_ - K
()7 € PHok(pti mp)dp= 2/H gy ),
b=il b=il M
Z % _
©C;,)" & ®  [PHiphbdp implies ©(C;,)="(,)+e* )i ©C;,)i L
b=il
The singularit y point becomes a line (, ) deriv ed from:
- u T M ll o1,
_ o — _ _ . _ 1CI‘:T _ m1/4 1 mN .
IN(4=) =" (v = I=Ter;, r= €07 ) = Z/HT, 3myK,y +4 o+t — mpyKq T
cr 5 CI cr

This condition de nes a critical curve '{" = f(Tg) in the T;!, plane. The value
of H is xed by the critical temp erature Ty = 160MeV associated with 1{" =
Below the Hagedorn temp erature we have matter made of bary ons and mesons.

Approac hing this critical curve for nite volume hadrons pressure vanishes and
all hadrons combined to one only hadronic cluster.
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Clustering of Hadrons and New_Phase of Matter

Dilute Onset of Particles with Hadron Quark-gluon
gas clustering proper volume matter plasma

m [MeV]
1000

800 ﬁ\
600 -
400

200~

O } } } } } } } }
/ 20 60 100 / 14% T [MeV]
Vacuum To

At the critical curve for nite volume hadron pressure vanishes and all hadrons
combine to one only hadronic cluster. This drop of matter is made of hadron
constituen ts. The Hagedorn Temperature has become the condition in whic h the
internal degrees of freedom of hadrons (quarks and gluons) become dynamical.
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Hagedorn Temperature is:

1. The intrinsic temp erature at whic h hadronic particles are formed, in pp in-
teractions seen as the inverse slope of hadron spectra.

2. This boiling point of hadrons which is the (inverse) slope of exponentially
rising hadron mass spectrum.

3. The boundary value of temp erature at which nite size hadrons coalesces
into one cluster consisting of a new phase comprising hadron constituen ts.

Statistical Bootstrap Mo del is:

1. A connection between hadronic particle momentum distribution and prop-
erties of hadronic interactions dominated by resonant scattering, and expo-
nentially rising mass spectrum.

2. A theoretical framew ork for study of the prop erties of the equations of state
of dense and hot bary onic matter (nuclear matter at nite temp erature).

3. It is not a fundamen tal dynamical theory, in fact SBM is to be motiv ated

today in terms of prop erties of the fundamen tal dynamical approach (QCD)
(next talk).



Nuclear Matter at HagedornTemperature HagedornMemorial CERN, Novenber 28, 2003, J. Rafelskipagel4

Measuremen t of Hagedorn Temp erature
Particle spectra can be greatly distorted by post-formation reactions (resonance
decays, rescattering) and even more by fast dynamical expansion present in col-
lisions of large atomic nuclei. Hadron vyields are less model dependent.

Use particle vyields from boiling hadronic matter
We seek to determine the condition of chemical freeze-out for 1! 0. How is
this related to Hagedorn Temperature? Look at the phase boundary in the 1T

-HIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIH—

plane: & ]
1000 £ 4 For a system at rest:
- 1 point hadrons (solid thin line)
800§ 1 nite volume hadrons (dashed line)

_ 1 With collectiv e matter °ow

E 600 & 4 "nite size hadrons

= : 1 ve= 032 - = 0:6 (dotted line)

2 : 1 v= 054 - = 0:6 (thic k solid line)
o 7 [based on PRL85, 4695 (2000)].
200 — —

EIIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIII::II|IIIII}.III|IIIIIIIII§

100 110 120 130 140 150 160 170 180
T [MeV]

A global t to all particle yields o®ers insight about both dynamics of hadroniza-

tion and the value of Hagedorn Temp erature.
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STATISTICAL

HADR ONIZA TION

Hagedorn):

particle production can be de-
scrib ed by evaluating the accessible phase space.

Veri cation

of statistical

hadronization:

Particle yields with same valance quark content are in relativ e chemical equilib-
rium, e.g. the relativ e yield of ¢(1230FN as of K =K, §%(1385¥x, etc, is controlled

N © _ gn(moTH)3:2ei m°=Ty
N g(mTu)*2ei m=T

Resonances decay rapidly into sta-
ble' hadrons and dominate the yield
of most stable hadronic particles.

Resonance yields test statistical
hadronization principles.

Resonances reconstructed by invari-
ant mass; imp ortant to consider po-
tential for loss of observabilit y.

by chemical freeze-out i.e. Hagedorn Temperature Tg:
1.0 ‘ ‘ ‘ ‘ ‘ |

| T=140 MeV
0.9 | ——- T=160 MeV |
oL P T=180 MeV
0.7 :
0.6 K |
0.5 |
0.4 :
0.3 ]
0.2 :

| W~0
0.1 |
0.0 !

0.0 1.5

HADR ONIZA TION GLOBAL FIT: !
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SPS 160/80/40 GeV Pb beam on Pb target

The chemical freeze-out statistical

parameters (4Y.yields of NA49)

nonequilibrium  (left) semi equilibrium  °4= 1 (righ t)
ELap=A [GeV] | 158 80 40 158 80 40
Psin[Gev] | 172 123 875 | 172 123 8.75
T [MeV] 1358 3 1358 3 1338 2|/1578 4 1568 4 1548 3
g 1:69(5) 1:98(6) 256(6) 1:74(5) 2:03(7) 2:69(8)

. s 1238 127 13 | 120 124 124
°q 1.68° 168 169 1 1 1°
°s=%g 0:91(6) 0:83(4) 0:85(6) 0:66(4) 0:60(4) 0:67(5)
A?=dof 11.4/6 4.3/2 23/4  23/7 8.9/3 4.0/5

The star (*) indicates for , s that it is a value resulting from strangeness conservation constrain t.
For °q that there is an upper limit to which the value converged, °f < €™~' (on left), or that the
value of °3= 1is set (on right).

Defer discussion of chemical parameters

L i %)
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Strangeness

First mention of strange
particle pro duction as
prob e of nuclear matter
at Hagedorn temp erature
and as signature of QGP
phase transition appears
in the CERN  Theory
preprin t CERN-TH-2969

of Octob er 1980 (Hagedorn
et al.). Both strangeness
enhancement, and strange
antibary ons are discussed
as signatures of decon ned
QGP phase.

Enhancement of chemical
equilibrium &4 / K*™=¥
yield is noted.
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TW O STEP STRANGE HADR ON FORMA TION MECHANISM
ww 199! s8in QG-plasma

2. hadronization of pre-formed s;§
qguarks

Formation of complex rarely pro-
duced multi strange (anti)particles
form QGP enabled by crosstalk' be-
tween s; & quarks made in di®erent
microscopic reactions; this is signa-
ture of decon nemen t. Enhancemen t
of strange antibary ons progressing
with strangeness content.

EXPERIMENT AL conrmation at CERN by WA97/NA57
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MUL TISTRANGE HYPER ON ENHANCEMENT

WA97
£ 10
=
(D)
= i
e
g N
I |
u N
1- + + +
h™ K& L X C X WHW
\ \ \ \ \ \
0) 1 2 1 2 3
Strangeness

Results of WA97/NA57 collab oration. Enhancemen t GR OWS with
a) strangeness b) antiguark content as predicted. Enhancement is
de ned with respect to the yield in p{Be collisions, scaled up with
the number of 'wounded' nucleons.
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NA49 { Marek Ga$dzicki
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Enhancemen t. speci ¢ strangeness / "net' bary on

Compare SPS and RHIC results
W e use statistical hadronization to x the hadronization conditions under three
di®erent chemical equilibrium scenarios. We evaluate the prop erties of the phase
space at given parameter set, here in particular strangeness s, bary on number b
and also local thermal energy content per nucleon pair, ER,.

s/b

10 —
10 & Fitted parameters - I . Fitted parameters i
- BT, 7, 7, : g [ BT, 7, .
i LT Ag 7y i : LI T Ag 7 :
L - a 6 — -]
\ | .
1k = @, [ S_0.10 -
C H Z b <2[GeV ]
B | ] i . ]
L E ] 7 2 — -
O.l 11 11 | | | | | 11 11 | | O M | | | | | | | |_
10 100 10
Vsyy [GeV] Efy [GeV]

Strangeness per thermal bary on participating in the reaction grows rapidly (by
an order of magnitude) and contin uously from SPS to RHIC.

Speci ¢ strangeness yield appears to be signican tly greater (by factor 5?) at
RHIC compared to NN-reactions. We do not yet know precisely by how much,
RHIC needs base-line experimen tal data.

—
o
o
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Entrop y Pro duction

at SPS and RHIC

zcg 25 )
% (A+A)-(p+p) g7 é
g 201 :
15 B P ] A} -
10~
0 A+A:
S go@gﬁg : TBAIngINR
6’59 op+p A AGS
A Op+p * RHIC
O j@ | |
0 5 10 15
F (Ge\/m)
NA49{Marek Gafdzicki: two di®erent

speci ¢ pion multiplicit y slopes for: pp,
AGS AA, and SPS,RHIC AA linear rise
as function of ROOT of Fermi intrinsic

“reball

energy.
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BT A 77
O T, A, 7,
AT, A

100

S /b

Fitted parameters

10

Eiy
72
| | | | | | | | | | L1 1
10 100
th
Bihy [GeV] WE FIND:

ENTR OPY PR ODUCTI

ON per unit of

available energy is a Const.

Both representations

indicate begin of

the onset of a new behavior near 40GeV

Entrop y (lik e before strangeness) is in AA interactions smooth across SPS/RHIC
energy range. NEW STATE OF MA TTER AT CERN IS THE SAME AS AT RHIC
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In°uence
Before Hagedorn's period 1964-84, statistical metho d in study of hadronic inter-
actions were not widely accepted, Fermi hadronization model was slowly falling
into oblivion.

Hagedorn single-handedly and against signi can t and imp ortan t opp osition has
opened up as a new eld of physics the study of thermal prop erties of strongly
interacting (nuclear) matter, in whic h we participate.

Hagelorn Temperature Ty = 160MeV is today a household brand. Thermal equili-
bration in strongly interacting hadronic matter is an accepted research direction.

Hagedorn has intro duced metho ds in study of singular prop erties of equations
of state whic h since have been adopted in "‘'more fundamen tal' elds which we
will hear more about at the end of this meeting.
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Personal Remarks
| rst met Hagedorn (as he wanted to be called, not "Rolf ") in Win ter 1975/76,
when | attended one of his excellent Collo quium talks on the Statistical Boot-
strap Mo del in Germany.

Even though | had a Ph.D. | missed all statistical and thermal physics classes,
being a hard core 'nuclear' man. Thus after the lecture | asked him priv ately
a few certainly quite ignorant questions, He took every matter very seriously,
and followed up with very clear explanations. In our conversation he suggested
| consider a short term position application. | arriv ed as fellow at CERN in
September 1977.

Hagedorn was an extraordinary teacher in the many years of our very close
collab oration.



Nuclear Matter at HagedornTemperature HagedornMemorial CERN, Novenber 28, 2003, J. Rafelskipage25

Closing

In Summer and early Fall 2002 for the last time | had the privilage to work
togather with Hagedorn. At that time, an annotated reprin t volume Quark-Gluon
Plasma: Theoretical Foundations was beeing readied. Rolf Hagedorn review ed our
selection of papers for the volume, agreed to the reprin ting of his seminal work,
and provided in writing very valuable remarks. This was very likely his last
scienti ¢ activit y before sickness had struc k him down. As the vlume was about
to go to Press in Marc h 2003, we dedicated the \F oundations" to his memory .

Quark-Gluon Plasma: Theoretical Foundations
An Annotated Reprin t Collection

Edited by:
J. Kapusta, Univ ersity of Minnesota
B. M &ler, Duk e Univ ersity
J. Rafelski, Univ ersity of Arizona

ELSEVIER 2003 ISBN: 0-444-51110-5

Dedicated to Rolf Hagedorn



