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Abstract

By casting stochastic optimal estimation of time series in
path integral form, one can apply analytical and computa-
tional techniques of equilibrium statistical mechanics. In par-
ticular, one can use standard or accelerated Monte Carlo meth-
ods for smoothing, filtering and/or prediction. Here we demon-
strate the applicability and efficiency of generalized (nonlocal)
hybrid Monte Carlo and multigrid methods applied to optimal
estimation, specifically smoothing. We test these methods on
a stochastic diffusion dynamics in a bistable potential. This
particular problem has been chosen to illustrate the speedup
due to the nonlocal sampling technique, and because there is
an available optimal solution which can be used to validate
the solution via the hybrid Monte Carlo strategy. In addition
to showing that the nonlocal hybrid Monte Carlo is statisti-
cally accurate, we demonstrate a significant speedup compared
with other strategies, thus making it a practical alternative to
smoothing /filtering and data assimilation on problems with
state vectors of fairly large dimensions, as well as a large total
number of time steps.



1 Introduction

Simplicity and generality make Markov-chain Monte Carlo (MC) one
of the most powerful and most popular approaches to problems of
model, parameter, and state estimation. As a result, MC has been
applied across a wide range of disciplines for optimal estimation,
including finance [1], climate dynamics [2], oceanography [3], mete-
orology [4] and biometrics [5, 6]. See [7, 8, 9, 10] for comprehensive
reviews.

While powerful, MC does have its drawbacks. In particular, an
often slow statistical convergence rate can lead to unacceptably high
computational costs, especially for large-scale, spatially distributed
systems. Considerable effort has therefore gone into accelerating its
statistical convergence [8] [10] [11]. Ideally, one would like every step
in the Markov Chain to yield a new configuration, uncorrelated (as
much as possible) from the current one. However, it is difficult to
generate new, statistically uncorrelated configurations while at the
same time keeping the acceptance rate within reasonable limits.

In this paper we apply a technique based on the hybrid MC
method (HMC) [12] [13] which distinguishes itself by nonlocal state
updates. The method, sometimes referred to as generalized hybrid
Monte Carlo (GHMC), was developed by Toral and Ferreira [14]
and primarily applied to condensed matter physics, lattice gauge
theory and optimization problems in [14] [15] [16] [17]. Here we
describe how it can be effectively used in problems involving optimal
estimation.

Another means to achieve speedup is a unigrid-based variant
(UMCQ) [10]. Its simplicity, particularly with regard to modifying
existing codes, is very attractive. In this study we take the oppor-
tunity to also investigate the relative speedup due to UMC.

The specific estimation problem we consider here is the deter-
mination of the statistics of a time series x(¢) taking values in an
N-dimensional state space, given incomplete and possibly impre-
cise observations, y(t¢), of that system (see the following references
[18, 8, 19, 20, 21]).

The state vector x is assumed to satisfy a known stochastic pro-
cess

dx(t) = f(x(¢),t)dt+ (2D)'?(x,t)W(t), > i,
X(to) = Xg- (1)

For the initial state xq, either its value or probability distribution
is assumed. The deterministic part of the dynamics is given by
f. Stochasticity might be inherent in the system dynamics and/or
might arise from parametrizations of unknown or unresolved physics,
or from ignored degrees of freedom in the dynamics. This is captured



by the last term in which the diffusion matrix D acts on a vector-
valued, standard Wiener process W. The optimal estimate of the
state history is then obtained by “assimilating” observations into the
history of the state space statistics, i.e. by conditioning the statistics
of the time series on those of the observations.

For simplcity, we consider observations at discrete times which
are denoted by the N,-dimensional vector,

Y(tm) =Ym, m = 1727"7M0b87

where m labels each observation. We assume that these observations
are given by

y(tm) = h(xm) + €n, (2)

where h : RV — R, and ¢, is an Ny-dimensional noise vector
with a known statistical distribution. We assume that the model
noise and measurement errors are uncorrelated and that the initial
value of x; is a random variable with a known distribution.

The mean history of the state x, conditioned on the measure-
ments,

xs(t) = Elx(t)ly1; - yul (3)

is the ”best estimate” of the state, and the conditional covariance
matrix

Cs(t) = E[(x(t) — xs(8))(x(t) = x5(8)) "[y1, .. yu]

quantifies its uncertainty (T denotes transpose). The conditional
mean xg(t) is the quantity which minimizes

trCs(t) = E[|(x(t) — xs(t))*|y1, .-, Yar]-

It is termed the smoother estimate.

Stratonovich [22], Kushner [23, 24] and Pardoux [25] constructed
a sequential algorithm to solve the above nonlinear estimation prob-
lem. We will denote their methodology by KSP. It is reviewed briefly
in [26] Unfortunately, the KSP technique cannot be practically im-
plemented except in systems with only a few degrees of freedom.
This renders the KSP solution impractical for spatially distributed
systems as found in climate/meteorology, hydrology, economics, etc.
However, the KSP solution, when implemented on a specific esti-
mation problem, can serve as an ideal benchmark with which to
compare the accuracy of alternative methods. It is this way that the
KSP will be used here.



2 Problem Formulation

We discretize (1) using an explicit Euler-Maruyama scheme [27].
This leads to the following equation:

Xp1 = Xp+ £(xp, tr)0t + (2D) M2 (xp, t) (W (t + 5t) — W (ty)),
k=0,1,2,...

Xp—0 = Xo. (4)

The choice of the time discretization is not unique. While we use
the standard Euler-Maruyama discretization method here, the accel-
eration methods that follow can be applied to other discretizations
as well [28, 29, 30]. The impact of using different time-discretizations
is, in fact, an open problem.

The path integral representation assigns weights or probabilities
to individual histories. These weights depend on both the stochastic
dynamics and the measurements. Roughly speaking, in the absence
of measurements, histories unlikely to arise from the dynamics are
given a lower weight than histories which are consistent with them.
Similarly, when the dynamics are ignored, histories which are far
from the measurements are given lower weight than those closer to
the measurements. A competition between the noise in the dynamics
and the errors in the measurements dictates just how each effect will
contribute.

Without loss of generality we will assume the discrete time steps
to be equally spaced, and further, that the measurement times are
commensurate with Jt, the time step interval. Namely, we define
ty = to+ kot with k =0,1,...T, and (t; —to)/(T + 1) = ot.

The probability of the dynamics generating a given history is
simply related to the probability that it experiences a certain noise
history

n(ty) = (W (it + 6t) — W (t)), (5)

at times ¢y, where kK = 0,1, 2,...,T For Gaussian, uncorrelated noise
this probability Prob{n(t),t = to,t1,....tr} ~ exp(—1 3 [n|?(tx)).
Rearranging terms in (4), we can show that the probability of a given
history is given by Prob{n(t),t = to,t1,..,t7} ~ exp(—Hgynamics)s
where

T-1

Hagnamies = > 7 {[0xk1 = x4)/6t = £k, )] 7Dk, )
k=0
[(%k41 = xk) /08 — £(xx, )]} (6)

Here T means transpose.



Thus far we have only considered the effects of the dynamics. To
include the influence of observations, we use Bayes’ rule. This mod-
ifies the Hamiltonian above by the addition of the following term:

Mops

Hops = z_: [h(x(tm)) = ¥(tm)] R~ [(%(tm)) — ¥ (tm)]. (7)

Here R is the covariance matrix of the observations. This contribu-
tion to the Hamiltonian corresponds to adding a local field or pinning
term which, when the measurements are accurate, forces the state
variable to be close that of the observation. Here we assume that
the errors are Gaussian and uncorrelated with each other and un-
correlated with the state of the system. However, this formalism
can, in principle, handle more general error statistics. The total
Hamiltonian, including dynamics and observations is then

H = denamics + Hyps. (8)

The statistics of histories of the time-dependent, stochastic dy-
namical system have been cast as an equilibrium statistical mechan-
ical system with Hamiltonian (8). As a result, we can apply a host
of techniques from equilibrium statistical mechanics to this problem.
In particular acceleration methods to sample Gibbs distributions. In
addition to being able to handle a variety of error and noise terms,
this formalism can also handle nonlinear dynamics.

Rather than sampling the Gibbs distribution, maximum likeli-
hood methods minimize the Hamiltonian (Equation 8). The Hamil-
tonian is in fact the log-likelihood [31]. Maximum likelihood methods
determine the mean, the median, or the mode of a distribution, while
path-integral methods can be used to determine the mean and other
moment statistics. For example, there is a very close relationship be-
tween the approach we take here and variational/adjoint, or so-called
4D-var methods, used extensively in the ocean/climate community
(see [32]). In particular, the spacetime Hamiltonian we construct is
identical to the standard cost function for weakly constrained 4D-
var.

The known disadvantage of MC-based methods is, however, their
slow convergence. Hence, if an MC-based strategy is available with
a significant increase in computational efficiency it will then make
it a viable methodology for large N-dimensional state estimation
problems, whether these have Gaussian or non-Gaussian statistics
and whether they obey linear or nonlinear dynamics. A speed-up
is achieved here by reformulating the Gibbs distribution sampling
strategy. We thus turn to the sampling problem, showing that a
generalized Hybrid Monte Carlo (GHMC) strategy is a fast sampling
approach, thus making estimation via hybrid Monte Carlo viable in
a large class of problems of physical interest.



3 Sampling

Having constructed the Gibbs distribution on histories, we now ad-
dress its sampling. In order to show the efficiency of the GHMC
technique, we will compare it to a standard HMC and a unigrid-
based alternative (UMC).

3.1 Hybrid Monte Carlo HMC

Hybrid Monte Carlo was developed to address sampling deficiencies
in lattice gauge theory computations in the mid 1980’s [12]. Since
then it has been applied to a number of physics problems, mostly
in statistical mechanics, condensed matter and lattice gauge theory.
Neal [13] has written an introductory survey that shows how the
technique has been used in other applied probability problems.

HMC derives its name from the fact that it involves a mixture
of Hamiltonian molecular dynamics and Metropolis-Hastings Monte
Carlo. A time-discretized integration of the molecular dynamics
equations is used to propose a new configuration. This configura-
tion is then accepted or rejected by the standard Metropolis-Hastings
Monte Carlo criteria. The acceptance/rejection criteria is the change
in total energy.

As with many other MC algorithms, HMC in its original for-
mulation was a local updating scheme. Specifically, the proposed
change for the value of the field at a point depends only on the cur-
rent configuration of the field at points near it. For many systems
(critical phenomena, for example) this leads to unacceptably slow
statistical sampling. Acceleration has been achieved using multigrid
[33], cluster algorithms [34][35], and Fourier Langevin [36][37] [38],
in statistical mechanics and field theory problems; variants of these
have had some impact on state estimation [10].

Consider a system whose configuration is specified by 7'+ 1 de-
grees of freedom (assume each of mass 1) qq,qi,...,qr. Here the
dimension of each q; is N, the state variable dimension. The HMC
algorithm works as follows: To each of these variables or generalized
coordinates q;, a conjugate generalized momemtum p;, is assigned.
For our purposes H is the configurational Hamiltonian (8) — the ac-
tion, or minus the log-likelihood. The momenta p; give rise to a
kinetic energy Hx = >, %. The total Hamiltonian of the system
is then

H=H + Hg. (9)
The standard Hamiltonian dynamics of such a system is

dai _
dr bi



dp;
— = F,, 10
dr ! (10)
where F; = —g—Hi is the force on the i*" degree of freedom, and 7 is
ficticious MC time. A chain of states is generated in the following

way: The dynamics are discretized in 7, for example, as

d = a+Orpi+ R () (1)
and
P, = pit (¥l + ), (12)

2

fori =0,1,2,...,T. The update from (q;, p;) to (g}, p;) will, in gen-
eral, not conserve energy as a result of the time discretization. The
extent to which energy is not conserved is is controlled by the step
size 67. Detailed balance is achieved if the configuration obtained
after evolving J steps is accepted with probability min[1, exp AH 1,
where

AH =H(q,p') - H(q,p). (13)

Thus, the Metropolis step corrects for time discretization errors. The
momentum variables are refreshed after every acceptance/rejection
stage according to a Gaussian distribution of independent variables
exp(—Hg). The time-marching and acceptance/rejection process
represents one MC trial.

Much like the Gibbs-sampler, this method allows the system to
equilibrate locally, although it would take more than J = 1 steps
to do so. Configurations with large correlation lengths and long
correlation times however would require a significant number of steps
to sample the equilibrium. This is analogous to critical slowing down.

3.2 Unigrid Monte Carlo UMC

Correlation times are typically longer for longer-wavelength modes.
Recognizing this, researchers have developed MC methods to update
these modes more efficiently. The multigrid approach (see [33]) is one
particular strategy. We summarize this approach below and feature
it in our sampling comparison. We will specifically implement and
compare a simple variant multigrid often called “unigrid” [10].

The unigrid strategy consists of updating the system by taking
coherent moves on a number of “length” scales. This is done by
decomposing the system into blocks of contiguous points on the lat-
tice, indexed by i. The block sizes range from 1 (i.e., the standard
local Metropolis) to the full lattice length. For simplicity we have
chosen the lattice to be of size 2! where [ is an integer. Then the
blocks to be used are of size 1,2, 4, ...,2!. We assume, of course, that



mod[T + 1,2] = 0. The update consists of the following: To each site
of a block the local value has a random variable §¢; added to it. This
random variable is selected from some specified distribution, e.g.,
Gaussian with (6¢;) = 0, and variance {(|d¢;|)?) = 0. The Hamil-
tonian is computed before and after the change and a Metropolis
accept/reject as described previously is performed. The distribution
of the proposed change d¢ is such that the Markov Chain is ergodic
and that the acceptance rates are approximately 0.50.

3.3 Generalized Monte Carlo GHMC

Nonlocality in the sampling can lead to a reduction of the correlation
times. Toral and Ferreira proposed a general nonlocal strategy that
renders HMC far more efficient [39]. We describe their formulation
here and propose that this strategy makes HMC a viable tool for
fairly large state estimation problems.

The Hamiltonian dynamics given by (10) is replaced by a more
general form:

dq;

M A

dp;

Py (14

where 0 < 4,7 < T and repeated indices assume summation. Here
Aisa (T+ 1) x (T + 1) matrix. When A is the identity matrix,
the equations reduce to those associated with the standard HMC.
The evolution equations in (14) conserve energy, i.e. dH /dr =0,
however, the system may not be Hamiltonian. The discretization of
(14) can be schematically expressed as

¢ = atordp+ CDATF(G)

and

o= ot ATl + Fl).

The task is then to find a matrix A that leads to a significant re-
duction of the correlation time. One example of such a matrix, for a
problem with state vector dimension N = 1, is the circulant matrix
A = cire(l,exp(—a), exp(—2a), ... ,exp(—T«a)) where the constant
«a can depend on T'. We use this matrix below in the implementation
of the GHMC in the nonlinear estimation problem. A particularly
convenient characteristic of such a matrix is that the required matrix-
vector products can be performed efficiently in (T'+ 1) log(7'+1) op-
erations. This is an important consideration in the overall selection
of A, especially when T is large.



4 Test Problem

For the purposes of comparing to an exact solution we have chosen
a problem for which the KSP solution can be calculated numerically
(see [26] for details on implementing the KSP solution). In particu-
lar, we will compute a statistical estimate of a scalar state variable
(N = 1) which describes the position on the entire real line of a
particle subject to a potential

Ulz) = —22% + 2* (15)

that has two stable fixed points, in this case at x = 1 and z = —1
and an unstable fixed point at £ = 0. The particle is stochastically
forced. The model is described by

&(t) = f(x(t)) + rn(t), (16)

where
f(z) =-U'(=)

and 7(t) is white-noise, with zero mean and covariance (n(t)n(t')) =
kd(t —t') [see 40, 41]. For specificity we set x = 0.5 here. With this
noise strength «, the solution z(¢) of (16) fluctuates about the min-
ima in either of the wells with rather long residence times (long with
respect to the time it takes to cross the potential barrier) and then,
occasionally, undergoes a series of large fluctuations which leads to
a transition into the other well. The steady-state probability distri-
bution of the model, Ps(z) o exp (—%(f—)) is bimodal with peaks at
x = *£1, the two stable fixed points of the deterministic dynamics.

The observational data is constructed synthetically: the position
of the particle is observed, on average, to occupy one well for a
period of time and then transitions to the other one. The actual
position of the particle has some degree of uncertainty. In particular,
we take a measurement history where the particle is observed to
be at £ = —1 for the first five measurements at integer times and
then makes a transition, being observed at £ = 1 for the next five
measurements. This represents a history where the particle has made
a transition from one well to another between time t = 5 and ¢ = 6.
This history represents what was observed. The actual state of the
system over time, however, is only imperfectly known from these
observations. The observation errors are chosen independently at
each measurement time, with mean zero and variance R = 0.04.
Note that the standard deviation VR x 100% represents the rms
error expressed as a percentage of the size of the equilibrium states
at £1.

We turn to assessing the effectiveness of the GHMC method at
sampling the likelihood function. We will do so by comparing the



results of this scheme to HMC and UMC estimation schemes on the
double-well problem described above. When compared to a solu-
tion of the optimal estimation problem HMC, UMC and GHMC,
correctly track the statistics, ¢.e., there was agreement between MC
methods and these in turn agreed with KSP to within discretization
and statistical errors. The UMC outcome and the KSP are shown
in Figure 1 (the HMC and GHMC would be identical to the UMC
since these cases differ only in the sampling strategy).

15

x>

Figure 1: Comparison between the optimal history, as given by KSP
(dashed), and UMC (solid) for the test problem.

To assess the computational cost, however, we need only consider
a time-periodic system and no observations. The parameters used
in the simulations are specified in the table 1. This table displays
the number of effective full-lattice sweeps required for decorrelation
for each of the methods as a function of the lattice points T + 1.
The number of lattice points is the number of Euler-Maruyama time
steps.

In what follows we assume that mod(T + 1,2) = 0. We de-
fine a lattice sweep as the computational effort involved in finding
({Q}, {P}); from ({Q}, {P})s, where {-}; represent blocks of conju-
gate pairs. Each block of 2! members, where 0 < I < logs(T + 1), is
indexed by 1 < b < (T'41)/2!. For HMC and GHMC ({Q}, {P}), =
(q,p), the blocks are of size 1 and there are 7'+ 1 blocks. For UMC,
on the other hand, the blocks are of size 2! and sweeps are required
till all block sizes are exhausted. In the case of HMC and GHMC the
update might be done J times. So we define then the effective lattice
sweep as being J times the number of lattice sweeps and report the
effective sweep below.

In addition to the cost of the updates GHMC has an added cost
related to the matrix-vector multiplication by the matrix A. Hence,
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Table 1: Correlation times in terms of effective lattice sweeps for
hybrid Monte Carlo (HMC), unigrid hybrid Monte Carlo (UMC),
and generalized hybrid Monte Carlo (GHMC), as a function of the
number of Euler-Maruyama time steps. In parenthesis we state the
standard deviation. J is the number of molecular dynamics integra-
tion steps per Metropolis accept/reject. The GHMC column quotes
the value of « in the circulant matrix A used in the calculations in
square brackets.

T+1 | HMC (J=1) | HMC (J=8) | UMC | GHMC (J=1)

8 900(125) 170(7) 800(40) 40(8) [0.20]
16 | 5300(1600) 560(20) 1040(60) | 60(10) [0.10]
32 | 13300(8300) | 2700 (140) | 1430(100) | 200(30) [0.05]
64 | 30000(7800) | 2800(400) | 1570(100) | 420(70) [0.0245]

when we report the cost of performing GHMC we include this extra
work in reporting the effective lattice sweep.

Table 1 was generated as follows: The MC algorithms were run
until the system reached stationarity. The criteria used in estab-
lishing stationarity was the same in all methods. We have chosen
to report the correlation times of the sum of the variable x over
the total lattice, i.e., S(t) = Y7, z;(t). The correlation time was
found by making an exponential fit to the autocorrelation function,
(S(t)S(t')). The table makes it clear that a significant speedup is
achieved using the particular GHMC implementation described in
Section 3.3, when compared to both HMC and the UMC method
described earlier. For HMC with J = 8, there are 8 lattice sweeps
per full HMC step (this is simply a reflection of having J = 8 molecu-
lar dynamics substeps for each MC accept /reject). Clearly, for J =1
there is only 1 lattice sweep, resulting from only 1 MD integration
per MC step.

As mentioned above for GHMC there is the cost of performing
the matrix-vector multiplication per step. For the circulant matrix
A we chose, this multiplies the cost by a factor of log(T + 1) (The
cost of a matrix-vector multiplication for a circulant matrix is (7' +
1)log(T + 1), but the linear factor of T'+ 1 is already accounted for.

With regard to storage, all three methods require similar amounts
of computer resources. If only optimal state estimates are desired,
these methods do not require storage of the covariance matrix or its
history. All that must be stored is the current history.
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5 Discussion and Conclusions

The class of stochastic processes covered by (1) is quite large: finite-
dimensional approximations to stochastic partial differential equa-
tions, stochastic maps, as well as coupled discrete event systems and
thus we envision that HMC could be of great utility in a variety of
state estimation problems due to the speedup achieved by the gen-
eralized sampling strategy: the GHMC strategy could be applied
to problems with fairly sizable (space-time) state vectors, say up to
107. This estimate is based on the fact that current lattice quantum
chromodynamics calculations use HMC for lattices of this size.

Moreover, path-integral MC methods are capable of handling es-
timation problems for non-Markovian processes by using a two-time
axis approach. However, there have been few attempts at applying
MC techniques to these kinds of problems due to their excessive com-
putational cost (for most real-world problems, anyway). We think
that the GHMC savings on computational cost could make MC vi-
able and applicable to large real-world problems of this sort. For
linear or very mildly nonlinear dynamics with Gaussian statistics
the conditioned statistics are fully captured by the mean and the
variance. However, for strongly nonlinear problems it is often neces-
sary to compute the higher moments. Path integral methods provide
detailed information on representative histories, actually yielding an
ensemble of histories. Of the particle methods, some weighted en-
semble methods also have this property [42]. There are other ap-
proaches that can succesfully handle highly nonlinear/far from Gaus-
sian statistics. For example, the mean field approaches of Eyink et
al. (see [41], [26], [43]), the variational approaches of Bennett and
his collaborators (see [44]). However, a particularly attractive fea-
ture of both the path-integral method and particle methods [21], is
that they can be implemented as ”black boxes”, accepting what-
ever model (code) as input. In the other methods mentioned one is
required to write fairly extensive auxilliary codes.
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