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Abstract. The equation of motion of the cantilever of an
atomic force microscope (AFM) operating in the tapping
mode in the presence of tip–sample adhesion modeled by
the JKR theory is solved self-consistently. The vibration of
the cantilever is discussed in terms of the parameters char-
acterizing the properties of the cantilever, tip, and sample.
A comparison with the experimental phase-shifts as a func-
tion of the setpoint reported by Magonov et al. is presented
and sample indentation and tip–sample force and pressure are
analyzed.

In an atomic force microscope (AFM) operating in the tap-
ping mode, the positionsbm of the bimorph- mounted can-
tilever is slowly moved toward the sample as it is vibrated
close to its resonance frequency [1]. Once the tip of the can-
tilever starts tapping the surface of the sample, its amplitude
of vibration decreases and phase of oscillation shifts. The op-
erator of the AFM will usually prescribe a certain setpoint,
which is the ratio of the tapping amplitude to that of the freely
vibrating cantilever. This ratio will be maintained by the AFM
electronic feedback system. By raster scanning the tapping tip
across the surface of the sample, one can obtain two surface
maps: one of the position of the bimorph required to satisfy
the setpoint, yielding the topography of the surface, and the
other of the phase-shift that contains a rich body of informa-
tion concerning the local elastic and adhesion properties of
the surface [1–8]. To extract this information, it is impera-
tive to know the instantaneous, local sample indentation as
well as tip–sample force and pressure. Unfortunately, experi-
mental methods to measure these three properties have yet to
be devised. It is therefore of fundamental importance to have
a self-consistent model that incorporates the key parameters
of the tapping- mode system, and in particular adhesion, and
compare the calculated phase-shifts as a function of the set-
point with experimental results.

In this paper we present such a self-consistent model
incorporating the Johnson, Kendall, and Roberts (JKR) ad-
hesion theory [9–11] in our previously developed AFM

tapping-mode model [12, 13]. The parameters used in this
model consist of the spring constant of the cantileverk, aver-
age quality factorQ, amplitude and frequency of vibration
of the driving bimorphabm and f , respectively, average tip
positionsav, tip and sample radiusRi , Young’s modulusEi ,
Poisson’s ratioνi , and tip–sample Hamaker’s constantA. We
have used a set of parameters similar to those of a tapping-
mode experiment reported by Magonov et al. and were able
to reproduce their experimentally observed phase- shift as
a function of the setpoint for two polyethylene samples. The
agreement between theory and experiment, therefore, gives
credence to the theoretically derived sample indentation and
tip–sample force and pressure that shed light on the instanta-
neous tip–sample interaction.

The remainder of this paper is organized into three sec-
tions. Section 1 describes the JKR adhesion theory, Sect. 2
the self-consistent tapping-mode theory, and Sect. 3 the cal-
culated results of the phase-shift, surface indentation, tip–
sample force and pressure, and a discussion showing the im-
portant role that adhesion plays in tapping-mode AFM.

1 The JKR adhesion theory

Let the effective tip–sample radius of curvatureR be defined
by R= R1R2/(R1+ R2). The Hertzian adhesion forceFH
between two rigid spheres separated by a distanceD� R
is [11]

FH = 2πRW1,2(D) . (1)

Here W1,2(D), the work of adhesion, is the energy per unit
area of two flat surfaces separated byD. The surface energy
γ is related to the energy required to separate two flat surfaces
from contact to infinity. It is given in terms of Hamaker’s con-
stantA by [11]

γ = W1,2

2
= A

24πD2
0

. (2)
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A rough approximation ofD0 can be obtained byD0 =
σ/2.5 whereσ is a typical interatomic distance [11]. The
Hertzian adhesion theory that treats rigid bodies has been
extended to deformable bodies by Johnson, Kendall, and
Roberts [9, 10]. Their theory is used here to find the func-
tional dependence connecting the sample indentation and tip–
sample radius of contact, contact force, and pressure.

The elastic modulus of two spheres representing the tip
and sample is given byκi = (1−ν2

i )/πEi , where the effective
elastic modulus is given byκeff = κ1+κ2. The JKR theory
yields the contact force,F, as a function of contact radius

F =−
√

2ksqr3

R
+ ksr 3

R
, (3)

whereq= 3πRW1,2, and

ks= 4

3π

1

κeff
. (4)

Note that forW1,2= 0 and in the absence of an external force
the tip will rest on the surface of the sample, just “touching”
it. However, for W1,2 > 0 and in the absence of an exter-
nal force the tip will embed itself inside the sample at such
a depth that the attractive adhesion force equals the repulsive
indentation force. The radius of contactr0 at this point is

r0=
(

6πR2W1,2

k

)1/3

. (5)

One can now apply an external force to bring the embed-
ded tip back to the surface of the sample. Pulling it farther
away from this surface will result in the creation of a neck
connecting the two. The neck will keep growing until the ad-
hesion force can no longer sustain it, whereupon the neck
breaks. The tip–sample attractive force at this point,Fs, is
obtained by

Fs=−3π

2
RW1,2 . (6)

The radius of contact at separation,rs, which is the radius of
the “neck”, is

rs= r0

41/3
. (7)

The tip–sample indentation,d, as a function of the radius of
contactr is

d=−r 2

R
+ 2

3

r 3/2
0

R
r 1/2 . (8)

Note that a finiteW1,2 increases the indentation for a given
radius of contact. Also, the indentation can only be negative
for a vanishingW1,2 whereas it can be negative or positive
for a finiteW1,2. The tip–sample pressure at the center of the
contact areaPc is

Pc= 3ksr

2πR
−
√

3ksW1,2

2πr
. (9)

1.1 The Lennard–Jones potential

Let the tip–sample interaction,WLJ(s), be modeled as a Len-
nard–Jones potential given by

WLJ =
[

AR

6σ

][
1

210

(σ
s

)7− σ
s

]
(10)

wheres is the tip–sample distance. The first term on the right
is the magnitude of the potential in terms of the productA Rtip
and the second term describes its shape. The forceF, which
is obtained from the potential by taking the negative of its
derivative, vanishes ats0. We will therefore define the tip–
sample indentation asd= s−s0.

The total tip–sample force is obtained by combining
the adhesion and Lennard- Jones forces in their respective
regimes of applicability. The plot of the total force as a func-
tion of the tip–sample displacement will yield a hysteresis
loop because the adhesion is not a single-valued function; it
is quite different when the tip approaches the sample from
a great distance and is then pushed into it, than when the tip
is pulled out of the sample until it is separated from it.

2 The self-consistent tapping-mode theory

The equation of motion of the bimorph-driven cantilever is
given by

∂2

∂t2
s(t)+ ω0

Q

∂

∂t
s(t)+ω2

0

[
s(t)−sbm−abm sin(ωt)

]
= ω

2
0

k
F
[
s(t)

]
(11)

where f is the operating frequency,ω0 = 2π f0 the angular
resonance frequency, andabm the bimorph amplitude of vi-
bration [12–16]. It is important to note that, on resonance,
only if the setpoint is less than 1 will the tip actually tap the
surface. For larger values of the setpoint, the operation will be
in the noncontact mode. Note also that the total forceF[s(t)],
which is due to both adhesion and indentation, is a double-
valued function of position. We can now solve the equation
of motion self-consistently using typical experimental param-
eters.

3 Modeling results

The model presented in this paper has been used to calculate
the cantilever displacement and velocity, surface indentation,
tip–sample force and pressure, and phase-shift as a func-
tion of the setpoint. The parameters used in the calculation
consisted of a spring constant of40 N/m and a free can-
tilever amplitude of 100 nm [8]. Theoretical and experimen-
tal phase-shifts as a function of setpoint were in agreement
when we usedRtip = 50 nm, f = f0 = 150 kHz, Q = 100,
and Epoly,1 = 0.2 GPaand Epoly,2 = 0.033 GPafor the rigid
and compliant regions of the polyethylene sample, andA=
10−19 J. Note that for simplicity the model assumes that the
tip of the cantilever is spherical rather than the apex of an
inverted pyramid, and that Young’s modulus of the polyethy-
lene sample is close to that reported in the literature.
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Fig. 1. The phase-shift as a function of setpoint for tapping on rigid (solid
circles) and compliant (open circles) regions of the polyethylene sample;
the solid anddashedlines are the respective calculated results

Figure 1 shows experimental and calculated phase-shifts
as a function of setpoint. The solid and open circles represent
the experimental results for tapping on rigid and compliant
regions of the polyethylene sample, respectively. The dashed
and solid lines are the respective calculated results. The good
fit between theory and experiment leads to the conclusion that
during the tapping process the tip experiences both attrac-
tive and repulsive forces, the former giving rise to a negative
phase-shift and the latter to a positive phase-shift. The overall
phase-shift will therefore consist of contributions from both
repulsive and attractive regions of the tip–sample force curve.
The most dramatic result observed in Fig. 1 is the import-
ant role adhesion plays in determining the net phase-shift; for
a sufficiently large setpoint amplitude ratio and for a com-
pliant enough sample, the attractive adhesion force is larger
than the repulsive indentation force and the overall phase-
shift is therefore negative. This behavior is observed in Fig. 1
for setpoints larger than0.7 for the compliant material (solid
line). For the more compliant regions, the repulsive force ap-
parently dominates the tip–sample interaction. For a smaller
setpoint, the repulsive indentation force is much larger than
the attractive adhesion force for both samples, and the net
phase-shift is positive. For a setpoint less than0.5, the agree-
ment between theory and experiment breaks down, requiring
a refinement of the theory. Since the calculated phase-shift as
a function of setpoint is found to agree with experiment, it
is encouraging to continue further and explore the predicted
sample indentation and tip–sample force and pressure using
a typical setpoint of, say,0.7.

Figure 2 shows the sample indentation as a function of
time for the rigid (dashed line) and compliant (solid line)
regions of a polyethylene sample where the maximum in-
dentation, as expected, is larger on the compliant region of
the sample. An important feature in this figure is the small
positive indentation observed at the right-hand side of each
indentation curve, representing the neck that forms between
the sample and the tip as the latter is pulled out of the sample.
The abrupt change from a positive to zero indentation demon-
strates the growth of the neck until the adhesion can no longer
sustain it whereupon it breaks.

Figure 3 shows the tip–sample force as a function of time
where the force is considered positive when repulsive and
negative when attractive. As expected, the rigid regions of
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Fig. 2. The sample indentation as a function of time where thesolid and
dashed linesrefer to the compliant and rigid regions of the sample, respec-
tively
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Fig. 3. The tip–sample force as a function of time where thesolid and
dashed linesrefer to the compliant and rigid regions of the sample, respec-
tively

the sample exert a greater repulsive force on the tip. The
negative part of the force on the left-hand side of the peak
represents the tip–sample interaction during which the tip is
being pushed into the sample. It differs from the force at
the right-hand side of the peak that represents the tip–sample
interaction during which the tip is being pulled out of the
sample. The right-hand side of the force curve is deeper and
broader than it is at the left-hand side because of the for-
mation of a neck between tip and sample. The force exerted
by the tip on the sample is not a very important quantity
since it does not tell us anything about the damage that it
can inflict on the sample. Rather, it is the maximum tip–
sample pressure which is of interest because it is this quan-
tity that can damage both the tip and sample. We find that
the maximum pressure exerted by the tip on the compliant
regions of the sample is14.1 MPa while for the rigid re-
gions of the sample it is73.7 MPa. Now hitting a rigid sam-
ple with a sharp tip is known to dull the tip or indent the
sample inelastically, while the opposite is true for a com-
pliant sample which is indented more. Although the pres-
sure on a compliant sample is found to be smaller than on
a rigid one, it is the mechanical strength of the sample that
determines whether it will be damaged during the tapping
process.
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Fig. 4. The sample indentation as a function of time where thesolid and
dashed linesrepresent the theoretical results with and without adhesion
taken into account, respectively

To appreciate the role of adhesion in the tapping process
we present in Fig. 4 the indentation of the compliant regions
of the sample when adhesion is considered (solid line) and
when it is ignored (dashed line). Adhesion clearly adds to the
maximum indentation and is responsible for the neck form-
ing between the tip and sample. Adhesion also plays a role in
the dependence of the phase-shift on the setpoint, as shown
in Fig. 5 for a sample withEpoly = 0.1 GPaand R= 25 nm.
Here the solid and dashed lines refer to the cases where adhe-
sion is present or absent, respectively. Note that the presence
of adhesion reduces the phase-shift when tapping on the com-
pliant regions of the sample for a large setpoint, where it can
even become it negative.

In conclusion, it was shown that including tip–sample
adhesion in the model describing the operation of a tapping-
mode AFM makes it possible to obtain agreement with ex-
perimental phase-shift as a function of setpoint. This agree-
ment gives credibility to the calculated sample indentation
and tip–sample force and pressure, which are important fac-
tors in analyzing surface phase-shift maps. It is important to
note that although we used a macroscopic theory that is only
an approximation to realistic tip–sample interactions, the re-
sults are expected to reproduce the salient features of this
important surface characterization technology.
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Fig. 5. The phase-shift as a function of the setpoint forabmQ= 100 nmand
Epoly= 0.1 GPa. Thesolid anddashed linesrepresent the theoretical results
with and without adhesion taken into account, respectively
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