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A numerical model of the operation of an atomic force microscope with a driven cantilever is
presented. This model takes into account the attractive van der Waals and repulsive indentation
forces acting between tip and sample. The time-dependent displacement amplitude and phase of the
tip oscillations, and the magnitude, duration, and sign of the short bursts of tip–sample force are
derived. It is shown that the stiffness of the tip and sample materials is an important factor in
determining the magnitude and duration of the tip–sample repulsive force and the magnitude of
sample indentation. The model covers typical operating ranges of vibrating cantilever atomic force
microscopes, from the noncontact to the tapping modes. ©1996 American Vacuum Society.
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In a contact mode atomic force microscope~AFM!,1,2 the
tip–sample forceF is balanced by the force exerted by th
deflection of the cantilever,z5F/k, wherek is the cantilever
spring constant. Operating in this mode can yield images
conducting as well as nonconducting samples with atom
resolution. To probe electric, magnetic, and atomic force
the cantilever can be moved slightly away from the surfa
of the sample and vibrated at or near its resonan
frequency.3–5 For an amplitude of vibration much smaller
than the tip–sample distance, one can use a perturbation
proximation to model the influence of the tip–sample forc
on the mechanical properties of the vibrating cantilever. Th
approximation yields an effective spring constan
k15k2F8, and a shifted resonance frequenc
v15[k1/m]

1/2.3 Here,m is the cantilever effective mass and
F8 is the local tip–sample force derivative that changes t
free-standing angular resonance frequency fromv0 to v1.
This change in resonance frequency gives rise to a chang
the phase and amplitude of the cantilever, which can then
used to obtain the force derivative. By mounting the cantil
ver on a piezoelectric element and employing a feedba
system, one can get a topographic map of force derivativ
that originate either from the true topography or from electr
or magnetic forces across the surface of a sample. The d
advantage of operating in this so-called noncontact mode
some loss in resolution, while the advantage is that a su
stantial increase in sensitivity to small force derivatives ca
be obtained.3–7 However, atomic resolution can still be ob-
tained if the apex of the vibrating tip is close enough to th
probed surface at its lowest point.8

The perturbation approach used to model the noncont
mode works well only for small amplitudes when the tip i
far away from the surface. When the amplitude of vibratio
is such that the tip encounters a large variation in the for
derivative, the approximation fails completely, and one h
to solve the equation of motion of the cantilever numericall
In this article, we present a method to solve this equation
motion and use the solution to calculate the tip–samp
force. The proposed method eliminates noise associated w
the well-known problem of a driven nonlinear oscillator.9
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The attractive force used here consists of a sphere-plan
2–8 van der Waals type force derived from an integration of
the 6–12 force.10 At a particular tip–sample distance, de-
noted byz0, the force turns from attractive to repulsive. For
distancesz,z0, the spherical tip pushes against the surface
of the sample, and deforms it. A classical indentation force
can then be used to model this repulsive part of the tip–
sample interaction. We have used a combination of these tw
forces for the analysis of the vibration of the tip and the force
it exerts on the surface of the sample. Although such a com
bination is only an approximate picture of the true forces, it
makes it possible to obtain a clearer understanding of the
operation of a tapping mode atomic force microscope.

The analysis of the tip–sample interaction presented in
this article is especially important for the tapping mode of
operation, in which the vibrating tip is actually in contact
with the sample for a small portion of each cycle. This mode
of operation is useful because it eliminates the lateral forces
acting on the tip of an AFM operating in the contact
mode,11–18and in general offers improved resolution over the
noncontact mode. This article demonstrates that one can us
a rather simple model for estimating the tip–sample forces
that can be applied to both the noncontact and tapping
modes.

The Lennard–Jones type interaction for a sphere-plane
system10 assumes a tip with radiusR, Hamaker constantH,
and typical atomic sizes for the tip and flat sample. The
acting force can be approximated by

F~z!5
HR

6s2 F2S s

z D
2

1
1

30 S s

z D
8G . ~1!

We will use Eq.~1! for tip–sample separations larger than
z053021/6s, where the force vanishes. To model the repul-
sive force forz,z0, we use a modified Hertz model

19–22that
yields a reasonable approximation to the deformation of two
contacting spheres with radiiRi . According to this theory,
the radius of contact of the two spheresa is given by

a35
3

4
p~k11k2!

R1R2

R11R2
F~z!. ~2!
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FIG. 1. The position of the tip,z(t)2z0 ~left! and the forceF(t) ~right! for the noncontact mode. The solid and dashed lines refer to 5 and 50 nm radius
respectively.
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Here,k i5(12n i
2)/pEi , Ei is Young’s modulus,ni is Pois-

son’s ratio, andF(z) is the applied force. Assume now tha
R1!R2 , namely, a sphere withE1 andR5R1 deforming a
plane with E2. A small indentation of the plane by
uz2z0u!R will result in an indentation radiusa
5 A2R(z2z0). Inserting this value ofa into Eq. ~2! yields
F(z)5g0(z2z0)

3/2, with

g0[
8&

3p~k11k2!
AR. ~3!

The equation of motion of the driven cantilever system is

m
d2z

dt2
1m

v

Q

dz

dt
1k@z~ t !2z12A sin~vt !#2F@z~ t !#50,

~4!

with the tip–sample force given by

F@z,~ t !#5H HR

6s2 F2S s

z D
2

1
1

30 S s

z D
8G , z.z0

g0~z2z0!
3/2, z<z0

. ~5!

Here,Q is the quality factor of the free-standing vibratin
cantilever, andm its effective mass given bym5k/v0

2. It is
useful to convert Eq.~4!, which is a second-order differentia
equation inz(t), into two first-order differential equations in
z(t) and velocityv(t). Convenient boundary conditions fo
these two first-order differential equations arez(0)5z1 and
v~0!50. Namely, the cantilever is positioned at a set-po
distancez1 from the sample with zero velocity. As the can
tilever starts vibrating, its amplitude builds up to a maximu
value ofAQ unless the tip encounters an external force.

For the numerical simulations, we chooses50.34 nm,
H510218 J, n50.5, E59 GPa for a Langmuir–Blodget
~LB! film,21 and 179 GPa for Si.5 The correspondingg val-
ues for a Si tip with a radius of of 50 nm, tapping on the
two media, are 0.983107 and 108 @mks#, respectively. Note
that the particular choice of parameters is not very import
in this simulation because the Lennard-Jones potential p
only a relatively minor role in the numerical results for sti
cantilevers havingk520 N/m. In addition, for the repulsive
regime of operation, we choose a range of values forg that
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covers most practical cases. Also chosen for the simulation
are a resonance frequency of vibration of 100 kHz,Q520, a
bimorph amplitude of vibrationA510 nm, and a driving
frequency at the steepest slope of the resonance curv
vc5v0(120.35/Q).

The displacementz[ t], which is readily obtained from the
solution of the differential equations, contains all the infor-
mation about the tip–sample interaction. To extract this in-
formation, we take the Fourier transform ofz[ t] from the
80th to the 100th cycle~after the vibrating cantilever reaches
a steady state!, and use the first five harmonics to construct
an analytic approximation of the true displacement. The ana
lytic function is then used to obtain the time-dependent tip–
sample force.

To demonstrate the usefulness of the modeling approach
we present one example for the noncontact mode, and tw
examples for the tapping mode, using Si as the tip materia
and a Si surface and an LB film as the sample materials.

The position of the tip,z(t)2z0 , and the associated force
F(t) for the noncontact mode are shown in Fig. 1 on the left-
and right-hand sides, respectively. Here,z0 is the distance
where the van der Waals force is equal to zero, and the soli
and dashed lines refer toR55 ~sharp! and 50~dull! nm tips,
respectively. Note that the attractive force is proportional to
the product of the Hamaker constant and the tip radius
Therefore, choosing sharp or dull tips is equivalent to using
the same tip with two different tip–sample Hamaker con-
stants. The amplitude of vibration is found to be practically
identical for both tips, since the cantilever has a large spring
constant, yet the force exerted on each differs by a factor o
10, as expected.

In Fig. 2, the position of the tip,z(t)2z0 , and the asso-
ciated forceF(t) are shown for the sharp~solid line! and dull
~dashed line! tips tapping on a Si surface. As expected, the
dull tip penetrates less into the surface of the sample. Here
however, the force acting on the dull tip in the repulsive
regime ~positive force! is somewhat larger than that acting
on the sharp tip. The reason is that the dull tip is stopped b
the indentation faster than the sharp one, and therefore los
energy faster. The clear message here is that the meaning
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FIG. 2. The position of the tip,z(t)2z0 ~left! and the forceF(t) ~right! for tapping with a Si tip on a Si surface. The solid and dashed lines refer to 5 an
nm radius tips, respectively.
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measure for the tip–sample interaction, in the repulsive
gime, is the pressure, rather than the force, and indeed
find for the sharp and dull tips that the maximum pressure
21.3 and 4.73 GPa, respectively.

The position of the tip,z(t)2z0 , and the forceF(t) are
shown in Fig. 3 for the sharp~solid line! and dull ~dashed
line! tips tapping on an LB film. Here, the softer LB film
experiences a larger indentation than does the Si sample,
the sharp tip penetrates deeper than the dull one. Again,
dull tip experiences a larger force than the sharp one, sinc
is stopped sooner. The maximum pressure here is 4.15
0.89 GPa for the sharp and dull tips, respectively.

In conclusion, we presented a model that yields the
sponse of a vibrating cantilever for a range of set poin
covering the noncontact as well as the tapping modes
operation. For both of these modes, the user of the AFM c
only monitor the amplitude and phase of the displaceme
while the force has to be estimated from a given model th
has to take into account the stiffness of the tip and sam
and the tip–sample adhesion force. Note that the key diff
ences between the noncontact and tapping modes are
J. Vac. Sci. Technol. B, Vol. 14, No. 2, Mar/Apr 1996
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magnitude, duration, and sign of the tip–sample force pul
while the tip is in close proximity to the sample. The ma
results derived from these figures are~a! for the noncontac
mode, the sign of the force pulse is negative~attractive!,
small, and has a wide temporal profile;~b! for the tapping
mode, the force pulse is mainly positive~repulsive!, large,
and has a narrow temporal profile;~c! in comparison to stiff
samples, tapping on a soft sample yields a larger indenta
the force is weaker, and so is the pressure;~d! a sharp tap-
ping tip exerts a smaller force, but a larger pressure o
sample than a dull tip; and~e! the pressure exerted by th
tapping tip on a sample is a better measure of the tip–sam
interaction than the force, as the pressure governs the
nitude of the indentation, and consequently the possible d
age to the contacting surfaces.
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FIG. 3. The position of the tip,z(t)2z0 ~left! and the forceF(t) ~right! for tapping with a Si tip on an LB film. The solid and dashed lines refer to 5 and 5
nm radius tips, respectively.
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